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Topology of the elliptical billiard with the Hooke’s potential
Milena Radnovic´
Abstract. Using Fomenko graphs, we present a topological description of the
elliptical billiard with Hooke’s potential.
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1. Introduction
Mathematical billiard is a system where a material point moves with a constant
velocity inside the billiard desk, while the impacts off the boundary are ideally
elastic and the velocity is changed according to the billiard reflection law [KT1991].
The boundary of the billiard desk can be any piecewise smooth curve.
A remarkable class of such systems are elliptical billiards, due to their nice
geometrical properties. Each trajectory of elliptical billiard has a caustic – a curve
touching all segments, or their straight extensions, of the trajectory. Moreover,
the caustic is a conic confocal with the boundary and it represents a geometrical
manifestation of the integral of motion [Arn1978,KT1991,DR2011].
One can consider billiard motion in a potential field as well. Integrable classes of
potential perturbations of elliptical billiards were studied in [Koz1995,Dra1996,
Dra2002]. The Hooke’s potential belongs to that class and the dynamics of such
a billiard was studied in [Fed2001], where the Lax representation of that system
was constructed and a general solution obtained in terms of theta-functions. Some
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remarkable geometrical properties of the system are also proved in [Fed2001]: each
trajectory has two caustics which are confocal with the boundary.
The objective of this work is to give topological description of the elliptical
billiard with the Hooke’s potential. To achieve that, we are using tools, widely
known as the Fomenko graphs, which codify the topological essence of the Liouville
foliation of integrable systems with two degrees of freedom. The detailed account
on Fomenko graphs can be found in [BF2004], see also [BMF1990,BO2006,
BBM2010] and references therein. For topological description of elliptical bil-
liards without potential see [DR2009,DR2013,DR2015] and for billiards within
confocal parabolas [Fok2014].
Next, in Section 2, we review the main steps from [Fed2001] of the integration
procedure of the elliptical billiard within an ellipse in the presence of the Hooke’s
potential. Section 3 contains topological description of that system. The main
result is Theorem 3.1, where the Fomenko ivariants for the isoenergy manifolds are
calculated. For the critical closed orbits, we discuss their stability in Corollary 3.1.
2. Integrability of the system
In [Fed2001], billiard within an ellipsoid in the n-dimensional space with the
Hooke’s potential was considered. In this section, we review the integration proce-
dure from [Fed2001] in the planar case: n = 2.
Suppose that in the field with the Hooke’s potential :
(2.1)
σ
2
(x2 + y2), σ > 0,
a particle of unit mass moves within ellipse:
(2.2) E :
x2
a
+
y2
b
= 1, a > b > 0,
satisfying the billiard law when being reflected off the boundary.
Let B : (ξ, v) 7→ (ξ˜, v˜) be the billiard mapping, where ξ, ξ˜ ∈ E are consecutive
points of reflection off the boundary, and v, v˜ the velocity vectors at ξ, ξ˜ after the
reflection. Explicit formulae for B are:
ξ˜ = −
1
ν
(
σξ − (v,Av)ξ + 2(ξ, Av)v
)
,
v˜ = −
1
ν
(
σv − (v,Av)v − 2σ(ξ, Av)ξ
)
+ µAξ˜,
ν =
√
4σ(ξ, Av)2 + (σ − (v,Av))2, µ =
2(v˜, Aξ˜)
(ξ˜, A2ξ˜)
, A =
(
1/a 0
0 1/b
)
.
It turns out that the billiard mapping B has the Lax pair representation. Up to
the symmetry (ξ, v) 7→ (−ξ,−v), the billiard mapping is equivalent to the equation
L˜(λ) = M(λ)L(λ)M−1(λ),
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where:
L(λ) =
(
qλ(ξ, v) qλ(v, v)− σ
−qλ(ξ, ξ) + 1 −qλ(ξ, v)
)
,
M(λ) =
(
σλ− (v,Av)λ + 2(ξ, Av)µ 2σ(ξ, Av)λ − σµ+ (v,Av)µ
−2(ξ, Av)λ σλ− (v,Av)λ
)
,
with L˜(λ) depending on ξ˜, v˜ in the same way as L(λ) on ξ, v, and
qλ(ξ, η) =
ξ1η1
a− λ
+
ξ2η2
b− λ
.
The billiard trajectories have the following geometrical properties.
Each segment of a given billiard trajectory within E is an arc of an ellipse with
the centre at the coordinate origin [Arn1978]. Moreover, as proved in [Fed2001],
all these ellipses are touching the same pair of conics, confocal with E .
If we denote the family of conics confocal with E as follows:
(2.3) Cλ :
x2
a− λ
+
y2
b− λ
= 1,
then the parameters of the caustics of a given trajectory are the roots of the char-
acteristic polynomial:
(2.4) p(λ) = (λ− a)(λ − b) detL(λ).
3. Topological properties
The aim of this section is to give the topological characterisation of the isoen-
ergy manifolds.
In the next proposition, we summarise some geometrical properties of the sys-
tem.
Proposition 3.1. Consider a given billiard trajectory within the ellipse E (2.2)
with the Hooke’s potential (2.1). Let E be the total energy corresponding to that
trajectory and Cλ1 , Cλ2 its caustics, λ1 6 λ2. Then:
• λ1 + λ2 = a+ b−
2
σ
E;
• Cλ1 is an ellipse and it contains E, i.e. λ1 6 0;
• if a segment of the trajectory contains a focus of E, then the next segment
contains the other focus. Cλ2 is then the degenerate conic: λ2 = b;
• if a segment of the trajectory itersects the segment containing the foci,
than each segment intersects it as well. Cλ2 is then a hyperbola or the
degenerate conic that coincides with the y-axis: b < λ2 6 a;
• if a segment of the trajectory does not itersect the segment containing the
foci, than none of the segments intersect it. Cλ2 is then an ellipse within
E: 0 6 λ2 < b.
Proof. The leading coefficient of the characteristic polynomial p(λ) (2.4) is
equal to σ, and the coefficient multiplying λ is v2+σξ2−σ(a+ b) = 2E−σ(a+ b),
from where the first statment follows.
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One of the caustics will be the ellipse containing the extensions of the billiard
segments. Since the billiard impacts are off E , that caustic need to satisfy the
second statement.
The other caustic is either an ellipse inscribed in the trajectory, a hyperbola,
or a degenerate conic, which proves the rest of the proposition. 
We will refer to the conic Cλ1 from Proposition 3.1 as the outer caustic of the
given billiard trajectory and to Cλ2 as the inner caustic. Proposition 3.1 shows
that the inner caustic has the properties analoguous to the propeties of the unique
caustic in the case of the elliptical billiard without potential. The billiard with the
Hooke’s potential has the famous focal property as well.
The phase space of the elliptical billiard is:
M = {(ξ, v) | ξ is within E and v ∈ TξR
2}/ ∼
with
(ξ, v1) ∼ (ξ, v2)
⇐⇒
ξ ∈ E and v1 + v2 ∈ TξE and v1 − v2 ⊥ TξE .
Note thatM contains trajectories that have empty intersection with the bound-
ary – these are trajectories with the outer caustic within E . A trajectory with the
caustics Cλ1 , Cλ2 will have a non-empty intersection with E if and only if the outer
caustic contains E and the inner caustic is either ellipse within E or a hyperbola,
which is equivalent to λ1λ2 6 0, i. e. the constant term of the characteristic poly-
nomial (2.4) need to be non-positive:
(v2ξ1 − v1ξ2)
2 − (bv21 + av
2
2)− σ(bξ
2
1 + aξ
2
2) + abσ 6 0.
So, we will consider the following subset of M:
MB = {(ξ, v) ∈ M | (v2ξ1 − v1ξ2)
2 − (bv21 + av
2
2)− σ(bξ
2
1 + aξ
2
2) + abσ 6 0}.
Denote by µ be the following map:
µ : MB → R
2, (ξ, v) 7→ (E, λ2),
with
E(ξ, v) =
v2
2
+
σξ2
2
,
λ2(ξ, v) =
σ(a+ b)− v2 − σξ2 +
√
(σ(a+ b)− v2 − σξ2)2 − 4σp(0)
2σ
,
p(0) = (v2ξ1 − v1ξ2)
2 − (bv21 + av
2
2)− σ(bξ
2
1 + aξ
2
2) + abσ.
It maps each point ofMB to the pair (E, λ2) corresponding to the total energy
and the parameter of the inner caustic. From Proposition 3.1, it follows that the
image of µ is the set:{
(E, λ2) | 0 6 λ2 6 a and λ2 +
2
σ
E > a+ b
}
,
which is shown in Figure 1.
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λ2
0
b
a
Eσb
2
σa
2
σ(a+b)
2
Figure 1. Bifurcation diagram for the elliptical billiard with the
Hooke’s potential.
Theorem 3.1. The isoenergy manifolds for the billiard within the ellipse E
with the Hooke’s potential (2.1) are shown in Figure 2.
There A and B are standard Fomenko atoms: A is a level set containing a
single closed orbit, while B denotes a singular level set containing one closed orbit
and two separatrices with homoclinic trajectories.
By T we denoted a torus containing only closed orbits, and by 8 a product of
figure 8 with the circle – a non-standard singular level set that contains only closed
orbits.
Proof. The lowest energy level that contains billiard trajectories is E = σb2 .
There, only one billiard trajectory exists – the one placed along y-axis. At the
touching points with E , the velocity equals 0.
For E ∈ (σb2 ,
σa
2 ), the inner caustic is always a hyperbola. There is one Liouville
torus corresponding to each non-singular level set. The isoenergy manifold contains
two singular level sets. The first one corresponds to the degenerate inner caustic
Ca and it contains only one orbit: the trajectory is placed along y-axis, but now
the particle hits the boundary with non-zero velocity. That level set is represented
by the Fomenko atom A.
The second singular level set corresponds to the inner caustic with the parame-
ter λ2 = a+b−
2
σ
E and the outer caustic E . The orbits on that level set correspond
to the ellipses with the centre at the origin, which are inscribed in E and touching
Cλ2 . Among them, there are two ellipses that degenerate to the segments contain-
ing the origin with the endpoints at the intersection points of E and Cλ2 . The level
set is a torus and it is represented by the non-standard atom T.
For E = σa2 , the inner caustic corresponding to each non-singular level set is
again a hyperbola. The non-standard singular level set, represented by the vertex
8, corresponds to the degenerate caustic Cb. The orbits on that level set correspond
to the ellipses with the centre at the origin, which are inscribed in E and contain
the foci. One of these ellipses degenerates to the big diameter of E . The level
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λ2 = 0λ2 = bλ2 = a
AE =
σb
2
A T
σb
2 < E <
σa
2
A 8E =
σa
2
A B
T
T
σa
2 < E <
σ(a+b)
2
A B
A
A
r = 0
ε = 1
r =
0
ε =
1
r
=
0
ε
=
1
E > σ(a+b)2
n = −1
Figure 2. The Fomenko graphs for the elliptical billiard with the
Hooke’s potential.
set is isomorphic to the product of the figure 8 with the circle. The orbit on the
self-intersection part of the set corresponds to the motion along the x-axis.
For E ∈ (σa2 ,
σ(a+b)
2 ), there is one Liouville torus in each of the level sets
that correspond to hyperbolas as inner caustics, and two Liouville tori if the inner
caustic is an ellipse. The non-standard singular level set contains closed orbits – the
trajectories are ellipses inscribed in E and circumscribed about the inner caustic.
That set is composed of two tori – each one corresponds to one winding direction
about the origin.
When E > σ(a+b)2 there are no non-standard singular level sets. The two A-
atoms on the right hand side of the Fomenko atom correspond to the limit case
when the inner caustic coincides with E . When the energy approches infinity, the
billiard segments become straight, so the numerical topological invariants will be
the same as in the case of the billiard without potential. 
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Remark 3.1. The bifurcation set of the system is the union of three half-lines:
λ2 = a, E >
σb
2
, λ2 = b, E >
σa
2
, λ2 = 0, E >
σ(a+ b)
2
,
see Figure 1.
Remark 3.2. The segments λ2 = a+ b −
2
σ
E ∈ (0, b) ∪ (b, a) does not belong
to the ciritical set. They correspond to the value λ1 = 0, that is to the case when
the outer caustic Cλ1 coincides with the billiard border E . All trajectories mapped
to those segments are ellipses.
For λ2 ∈ (b, a), the trajectories are ellipses inscribed in E and circumscribed
about the hyperbola Cλ2 . Among them, there are two degenerate ellipses – segments
containing the origin with the endpoints at the intersections of E and Cλ2 . Each
non-degenerate ellipse is covered two orbits, corresponding to the clockwise and the
counterclockwise motion about the origin.
For λ2 ∈ (0, b), the trajectories are ellipses inscribed in E and circumscribed
about the ellipse Cλ2 . There are two connected components of the level set, one
containing the clockwise orbits, another counterclockwise ones.
The corresponding level sets are non-standard atoms T. Saturated neighbour-
hoods of these atoms in the isoenergy manifolds are shown in Figure 3.
Remark 3.3. Point λ2 = b, E =
σa
2 belongs to the critical set. The trajectories
are ellipses inscribed in E and containing the foci. Only one trajectory is a critical
orbit – the one placed along x-axis.
The corresponding level set is a non-standard atom 8. Its saturated neighbour-
hood is shown in Figure 4.
×S1
Figure
3. Neighbourhood
of T.
×S1
Figure
4. Neighbourhood
of 8.
Along with the bifurcation diagram, it is useful to construct the bifurcation com-
plex, that is the topological space, whose points are connected components of the
level sets in the Liouville foliation, with the natural factor-topology [BBM2010].
The bifurcation complex for the elliptical billiard with the Hooke’s potential is a
cell complex composed of three cells with a common half-line, as shown in Figure
5.
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Figure 5. Bifurcaton complex.
Corollary 3.1. Critical periodic billiard trajectories along y-axis and the limit
periodic trajectories along the ellipse E are stable, while critical periodic trajectories
along x-axis are unstable.
Proof. The statement follows from Theorem 3.1, since the trajectories along
y-axis they correspond to A-atoms for λ2 = a, the limit trajectories along E to
A-atoms for λ2 = 0, and the critical trajectories along x-axis are contained in the
B and 8 atoms from λ2 = b.
Using [BBM2010], we can get that conclusion from the bifurcation complex
in Figure 5, since the points corresponding to λ2 = a and λ2 = 0 are on the border
of the complex, while inner points of the complex correspond to λ2 = b. 
Remark 3.4. The stability of periodic orbits of general billiards with potential
is studied in [Dul1998].
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